We prove that there is no cubic graph with diameter 4 on 40 vertices. This implies that the maximal number of vertices of a (3,4)-graph is 38. ?
Introduction
The construction of large interconnection or microprocessor networks gave rise to the ( ; D)-graph problem [13] : given two positive integers and D, construct a connected ( ; D)-graph (i.e. a graph of degree and diameter D) with a maximum number of vertices (a graph is of degree if all its vertices have degree 6 , at least one of them being of degree ). The largest integer n such that there exists a ( ; D)-graph with n vertices will be denoted by n( ; D).
Since the 1960s, the ( ; D)-graph problem has been studied by many authors (see for instance [3, 6, 7, 11] ), but very little is known about the exact values of n( ; D). An upper bound for n( ; D) was given in 1958 by Moore [8] , who proved that n( ; D)6 ( ( − 1) D − 2)( − 2) −1 for ¿3 and n(2; D)62D + 1. If we denote by M ( ; D) the Moore bound, a Moore graph is a ( ; D)-graph with exactly M ( ; D) vertices. These graphs are [14, 1, 10] : the complete graphs on +1 vertices (and so n( ; 1)= +1), the circuits of length 2D + 1 (and so n(2; D) = 2D + 1), the Petersen graph (n(3; 2) = 10), the Ho man-Singleton graph (n(7; 2) = 50) and a hypothetical graph on 3250 vertices (n(57; 2)63250). In 1981, Bannai and Ito [2] proved that, if D¿2, the circuits of length 2D are the only ( ; D)-graphs with M ( ; D) − 1 vertices; this implies that, if D¿2; ¿3 and ∈ {3; 7; 57}, then n( ; D)6M ( ; D) − 2. Therefore, three graphs described by Elspas [13] in 1964 are maximal, which gives three new values of n( ; D); namely n(3; 3) = 20; n(4; 2) = 15 and n(5; 2) = 24 (see [4, 5] for a nice description of these graphs). In 1992, Jorgensen [15] proved that, if D¿4, there is no (3; D)-graph with exactly M (3; D) − 2 vertices. At present, no other value of n( ; D) is known. Note that an up-to-date table is maintained at:
http:==www-mat.upc.es=grup de grafs=table g.html In the particular case of (3; 4)-graphs, the above bounds imply that n(3; 4)643. Doty [12] has constructed a (3; 4)-graph with 38 vertices (see also von Conta [17] for a non-isomorphic one), and so n(3; 4)¿38. Moreover, since a non-regular (3; 4)-graph has at most 31vertices, it follows that a maximal (3; 4)-graph must be regular, and so has an even number of vertices. Therefore n(3; 4)642. In 1993, Jorgensen [16] proved that there is no (3; 4)-graph on 42 vertices, which implies that n(3; 4) = 38 or 40. We shall prove the following Theorem. There is no (3; 4)-graph with 40 vertices.
Corollary. n(3; 4) = 38; and so the two (3; 4)-graphs constructed by Doty and von Conta are maximal.
Since our proof is too long to be given here with all details, we shall just sketch the main steps. The complete proof can be found in [9] .
Preliminaries
All graphs considered in this paper will be connected, ÿnite, undirected, without loops and multiple edges. Let v be a vertex of a graph . For any integer k ¿ 0, we shall denote by: D k (v) the subgraph induced on the set of all vertices of at distance k from v; e(D k (v); D k−1 (v)) the number of edges of having one vertex in D k (v) and the other in
A 4-path will be any path of length at most 4, and a k-circuit any circuit of length k.
The following lemma is due to Jorgensen [16] . Suppose that there exists a regular (3; 4)-graph with 40 vertices. Our goal is to show that such a graph must have girth 8, the ÿnal contradiction arising rather quickly from this fact.
Proposition 1.
has girth at least 6. 
As above, the existence of 4-paths between v 6 and the vertices of C implies that v 25 or v 26 is adjacent to ÿ j with ÿ j ∈ {v 33+2j ; v 34+2j } (j = 0; 1; 2; 3). Therefore, the four vertices ÿ j belong to D 3 (v 6 ) and, since C 0 ⊂ D 4 (v 6 ), we have necessarily ÿ j = v 34+2j for every j ∈ {0; 1; 2; 3}. It follows that D 3 (v 6 ) = {v 4 
. These new adjacencies imply that, in order to connect v 7−i (i = 0; 1) to the four vertices of B 2+2i by 4-paths, there must be a maximal matching between B 2+2i and C i (we shall say that there is a maximal matching between two disjoint subgraphs X and Y if any vertex of X is adjacent to only one vertex of Y and if conversely any vertex of Y is adjacent to only one vertex of X ). On the other hand, must be adjacent to 1 , and so a We conclude that has girth at least 6. In particular, for any vertex v of , c 5 (v)=0; and so 6 = 4c 6 (v) + 2c 7 (v) + c 8 (v):
has girth at least 7.
Proof (sketch). Suppose that has girth 6. For any vertex v of a 6-circuit, Lemma 1 implies that c 6 (v) = 1 and 2c 7 The other four possibilities for E can be reeled out by similar arguments, which will not be detailed here. It follows that any vertex belonging to a 6-circuit of does not belong to a 7-circuit or to another 6-circuit of .
If c A long case by case analysis, using various counting arguments, shows that all these possibilities lead to contradictions. In order to give some idea of this part of the proof, we shall describe the ÿrst step a little bit.
If there exists a vertex w of type V 66 in , we may assume that v 18 ∼ w ∼ v 20 . It follows that contains at least two 6-circuits, namely . If x 14 = w, we may assume (by symmetry) that x 14 ∈ {x 18 ; x 19 ; x 19 }= B. Since we must connect v 9 to the vertices of 2 (v 1 ) ∪ 4 (v 1 ) by 4-paths, it follows that for any i = 11; : : : ; 17 (i = 14) there is a vertex in {w} ∪ B adjacent to x i or x i . However, x i x 14 x i for these values of i (indeed v 2 and v 3 cannot belong to two 6-circuits), and so at least one vertex of 2 (v 1 ) ∪ 4 (v 1 ) is at a distance at least 5 from v 9 , contradicting the fact that has diameter 4. Therefore x 14 = w, and in order to connect w to the vertices of 4 (v 1 ) by 4-paths, the symmetries imply that we may choose x 18 ∼ x 11 , and then also x 20 ∼ x 17 . It follows that there is a maximal matching between {x 18 ; x 20 } and {x 12 ; x 16 }. Since w must be at a distance at most 4 from x i (i = 11; 12; 16; 17) with of girth at least 6, there must exist maximal matchings between {x 11 ; x 12 } and {x 16 ; x 17 }, and between {x 16 ; x 17 } and {x 11 ; x 12 }. It follows (in order to be able to connect v 11 to v 7 and v 10 by 4-paths) that x 11 , which is already adjacent to v 11 and to a vertex of {x 16 ; x 17 }, must also be adjacent to two vertices of {x 15 ; x 15 ; x 21 ; x 21 }, a contradiction because is regular of degree 3. In particular, this also proves that has no vertex of type V 066 .
If x Since w is already adjacent to two vertices, it follows that = , and so w is adjacent to x 14 or y. However, x 14 w (otherwise, since x 14 has two neighbours in A, either there is a 4-circuit in or w belongs to two 6-circuits), and so w ∼ y. It follows that a 4-path between v 6 and w cannot contain y, and so must contain z ∈ {v 18 ; v 20 }. Therefore z must be adjacent to a vertex of {x 14 ; x 13 ; x 13 }, and so there are at least 3 vertices in D 4 (v 1 ) adjacent to two vertices of D 3 (v 1 ), which contradicts the fact that c 8 (v 1 ) = 2.
To complete the proof of Proposition 2, it su ces to follow this sequence of assumptions for the type of a vertex w ∈ D 4 (v 1 ) adjacent to at least two vertices of D 3 (v 1 ): ÿrst type V 44 or V 24 (which contains the types V 446 and V 246 ), next V 26 or V 06 , and ÿnally type V 46 . All these cases lead to contradictions, but the detailed proof is rather long.
Proposition 3.
has girth 8.
Proof (idea). If has girth 7, then for any vertex v of a 7-circuit of , Lemma 1 implies that 16c 7 (v)63. If 26c 7 (v)63, the various cases to be considered depend on the position of the edges of D 3 (v 1 ), which could be a path, or the disjoint union of a path and an edge, or the union of disjoint edges. The analysis of all these cases is very similar to the analysis done in the preceding proof. If c 7 (v) = 1, let y 0 ∼ y 1 ∼ · · · ∼ y 6 ∼ y 0 be a 7-circuit of ; this circuit must contain the subgraph H y0 whose vertices are y i ; z i ; t i ; t i (i = 0; 1; : : : ; 6) and whose edges are y i+1 ∼ y i ∼ z i ; t i ∼ z i ∼ t i (i = 0; 1; : : : ; 6; the indices being computed modulo 7). Let S = 6 i=0 S i where S i = {t i ; t i } (i = 0; 1; : : : ; 6) and let H y0 be the set consisting of the 12 vertices of − H y0 . It follows that any vertex of S i (i = 0; 1; : : : ; 6) is adjacent to z i , to at most one vertex of S i−3 ∪ S i+3 (indices computed mod. 7), and to at least one vertex of H y0 . In particular, any vertex of S has at most one neighbour in S. Moreover, there is at least one vertex of S which is adjacent to two vertices of H y0 . It follows, using the symmetry of the situation, that the rest of the proof consists of 12 cases, all of which lead to a contradiction. Therefore Lemma 1 implies that c 8 (v) = 6 for any vertex v of . In other words, there is at least one 8-circuit in , and so is of girth 8.
Theorem. There is no (3; 4)-graph having 40 vertices. Moreover, since is of degree 3, we may assume, without loss of generality, that w 1 = w 2 . On the other hand, t 1 = t 2 (otherwise, since t 1 and t 2 are g 2 -vertices of D 4 (v), C 2 would contain at least v; w 1 = w 2 ; t 1 = t 2 ; z 1 and z 1 , contradicting the fact that is of girth 8). Thus there are two cases, according to the
